Abstract. In this article, we classify all the Hermitian metrics on a complex product manifold M = X × Y with nonpositive holomorphic bisectional curvature. It is a generalization of a result by Zheng [2] .
In this article, using a trick as in , we prove the following generalization of the result theorem in Zheng [2] .
Theorem 0.1. Let M = X × Y with X and Y both compact complex manifolds. Let φ 1 , φ 2 , · · · , φ r be a basis of H 1,0 (X) and ψ 1 , ψ 2 , · · · , ψ s be a basis of H 1,0 (Y ). Then, for any Hermitian metric h on M with nonpositive holomorphic bisectional curvature,
where h 1 and h 2 are Hermitian metrics on X and Y with nonpositive holomorphic bisectional curvature respectively, π 1 and π 2 are natural projections from M to X and from M to Y respectively, and
with a kl 's are complex numbers.
Before the proof of Theorem 0.1, we need the following lemma.
Lemma 0.1. Let X m and Y n be two compact complex manifolds. Let φ 1 , φ 2 , · · · , φ r be a basis of H 1,0 (X) and ψ 1 , ψ 2 , · · · , ψ s be a basis of
where a kl 's are complex numbers.
Proof. Fix a local holomorphic coordinate (
where a kl 's are complex numbers. Therefore
is a positive function on X × {q}, where m + 1 ≤ α ≤ m + n. Let ∆ be the complex Laplacian on X × {q} and (z 1 , z 2 , · · · , z m ) be a holomorphic coordinate of X such that
Interchange the roles of X and Y in the above, we get (0.8)
By the (0.7), we know that (0.9) ∂ i h αβ = 0 for any m + 1 ≤ α, β ≤ n + m. So, h αβ is independent of z i 's. Then, h αβ is a Hermitian metric on Y . It is clear that h αβ as a Hermitian metric on Y is of nonpositive holomorphic bisectional curvature since holomorphic bisectional curvature deceases on complex submanifolds. We denote this metric as h 2 .
Similarly, by (0.8) h ij is a Hermitian metric on X with nonpositive holomorphic bisectional curvature. We denote it as h 1 .
By (0.8) and (0.7), we have ∂ α h iβ = 0, and ∂īh jᾱ = 0.
So, the form h iᾱ dz i ∧ dzᾱ is a holomorphic two form on M 1 × M 2 where M 2 is the complex conjugate of M 2 . By the lemma above, we know that
Hence, we get the conclusion.
The same as in Zheng [2] , we have the following consequence of the theorem.
Corollary 0.1.
where M 1 , M 2 are compact complex manifolds, and suppose that H(M i ) = ∅ for i = 1, 2.
Proof. For any h ∈ H(M 1 × M 2 ), by the theorem, it has a unique decomposition,
is a convex cone.) So, it induce a linear map of real vector spaces,
It is clear that
Moreover, let E kl = (a ij ) be such that a ij = δ ik δ jl . Note that
(0.13)
So, E kl is in the image of Ψ. Similarly, √ −1E kl is also in the image of Ψ. Therefore, Ψ is surjective. By the dimension theorem in linear algebra, we get the identity.
